Integral equations which describe the thermodynamic properties of a one-dimensional electron gas with repulsive and attractive delta-function interactions are obtained. From these equations one can calculate the energy, entropy, magnetization, particle density and pressure at given temperature, magnetic field and chemical potential. § I. Introduction
§ I. Introduction
In recent papers Gaudin 1 ) and Yang 2 ) gave the ground state energy of a onedimensional electron gas with a delta-function interaction 3 )-S) as a solution of a set of coupled integral equations. We try to treat the thermodynamic properties of this system as a one-dimensional Bose gas and a one-dimensional Heisenberg model. 8 > For this purpose it is necessary to obtain all of the energy eigenvalues of the Hamiltonian. In § 2 we review the work of Gaudin and Yang on the wave function. There appear two kinds of parameters k and A. In § 3 we make conjectures on the distributions of k's and A's in the complex plane. In § 4 the energy spectrum of the Hamiltonian for repulsive interaction is obtained and the integral equations which describe the thermodynamic properties are derived. In § 5 these integral equations are solved for some special cases. In § § 6 and 7 we treat the electron gas with an attractive delta-function interaction. § 2. Wave function
We consider the eigenvalue problem of the Hamiltonian
Si'=-:E -+4c :E o(xi-xJ) + JJ. 0 H(2M-N),
where N is the number of electrons and M is the number of down-spin electrons.
The wave function has the following form:
Here Xi and si are the coordinate and spin-coordinate of the i-th electron, respectively. For a spin-t electron, si is + or G/'r is a spin function of which a typical one is Mf/) 1 is an eigenfunction of (2 ·1) which is antisymmetric to the permutation of Xt, x2, · · ·, XN-M and to the permutation of XN-M+h · · ·, xN, satisfying the condition (2·3)
Here Pi.J is an operator which changes xi and x 1 . We can construct a full wave function P' using the fact that P' is totally antisymmetric. Gaudin gives an equation for k's and A's as follows: 
Giving a set of integers {If,Jan} which satisfies Eqs. (4·4), we can determine a set of ki and Aan through Eqs. ( 4 · 3). For a set of integers {If, Jan} there is a set of omitted integers which satisfy Eqs. ( 4 · 4) and are not contained in {1 1 , Jan}. We define holes of k and holes of An as solutions of
Let us consider the case of a very large system. We put the distribution functions of k's and An's as p(k) and (fn(k), and those of holes as pn(k) and (f n n (k). By the definition of holes it is clear that
Equations (4·5a) and (4·5b) are rewritten as
Hereafter we put that f dk means r::.""dk. Substituting these into Eqs. ( 4 · 6) we
m=l where [n] is an operator defined by
and
The energy per unit length is
The entropy per unit length is
The particle density is NJL= spdk.
The magnetization to the z-direction is
At the equilibrium state the thermodynamic potential !J==E-AN-TS should be minimized. So the variation of !J is zero: 
Then we have a set of coupled nonlinear integral equations for C:
Equations ( 4 · 7) are rewritten as
?1t=l
From thermodynamics the pressure is given by
P= -fJ/L.
Using (4·10) and (4·11) one obtains
This expression for the pressure is the same as that for bosons obtained by Yang and Yang.
>
If we can solve Eqs. (4·10a), (4·10b), (4·lla) and (4·llb), we can determine the energy, entropy, particle density, magnetization and pressure for given temperature, chemical potential and magnetic field using (4·8a), (4·8b), (4·8c), (4 · Sd) and (4·12).
Equations ( 4 ·lOa .
(4·13b) is obtained by [lJ X {(n-1-th formula of (4·10b)) + (n+l-th formula of (4·10b))}-([0J+[2J)x(n-th formula of (4·10b)). In the same way we can prove easily that Eqs. (4·lla) and (4·llb) are equivalent to
27! m=l § 5. Special cases for c>O 1) The limit c~o In this limit we can put
for an arbitrary function f(k). Then Eqs. ( 4 ·12) are written as c1 + n2); c1 + c-1 ) = ' 171 2 ,
The general solution of (5·1a) and (5·1b) is
where
(5 ·1a) (5·1b)
The parameters a and b are functions of k and determined by (5 ·1c) and (5 ·1d).
The results are a=z and
Equations ( 4 ·13) are transformed as
The solution is
Substituting (5 · 2) into (5 · 4a) we have
In the limit c~o the quasi-momenta are real momenta. So (5 · 5) coincides with the well-known result.
2) The limit c~ oo
In this limit Eqs. (4·10a), (4·10b), (4·11a) and (4·11b) become 
Using (5·7a) one obtains .
So we have
Sz/L=Nj2L-f;.
1 n s r5ndk
T . (5·7e)
This shows that the· magnetization of the one-dimensional electron gas behaves as that of i-spins which are free each other when c is infinity.
3) The limit T~o
We put cn(k)==Tlnr;n(k) and JC(k)==Tln ((k) . One can derive that 
where the suffices ( +) and (-) mean 
The energy, particle number and magnetization per unit length are given by 
And from Eq. (2 · 9) we have
The logarithms of Eqs. (6 · 2), (6 · 3) and (6 · 4) are
Here Ja' is integer (half-odd integer) for N-M' odd (even), If is integer (half-
and Jan is integer (half-odd integer) for N-lvfn odd (even). Jan should satisfy the condition 00
JJanJ<t(N-2M'-~ lnmMm).
m=l Following § 4 we define j' (A'), h (k) and Jn (An): Holes of A', k and An are defined as solutions of
jn (An) = 2n X (omitted Jn).
In the limit of a very large system we define the distribution functions of A', ki, Aan as (J'(k), p(k), (Jn(k) and those of holes as (J'h(k), ph(k), (Jnh(k).
Using the relations
we have equations for (J', p, (J n' (J'h, ph and (J n':
l=(J' +rJ'h+ [2](J' + [1]p' 7r __!___ = P + Ph+ [1] (J' + L: [n] (J n , 2n n [ n] P = (J n h + L: Anm(J m . m
The definitions of [n]
and Anm were given in § 4.
The magnetization per unit length is
The particle density is
The thermodynamic potential Q=E-T S-AN should be minimized. So we have
From Eqs. (6·7a), (6·7b) and (6·7c) we ha~e Equations (6 · 7) are rewritten as
The pressure P and thermodynamic potential Q are given by P= -QjL=T fln(l+r;'- Here we have used Eqs. (6 ·10) and (6 ·11).
The integral equations (6 ·10) are transformed as
(6 ·13b)
Equations (6 ·11) are transfomed as follows:
27! n=l § 7. Special cases for c<O 1) The limit c--)0
(6·14c) (6 ·14d)
In this limit we can put [n] = [0]. Therefore Eqs. (6 ·13) become
(1 + r;l) I (1 + n') = ,-2,
(1 + 7Jn-1) (1 + 7Jn+l) = 7Jn\ n = 2, 3, ... ' 
Using (7·1a), (7·1b) and (7·1c) we have a solution for these linear equations:
One can calculate p + 20"' which is the distribuion of real momenta in the limit c~o:
This result coincides with the well-known facts and suggests that our theory is correct.
2) The limit T~o
We prove that en(k)>O from Eq. (6·10c). Thereforeinthelimit T~Owe see 1/n = oo and (J, = 0 for n = 1, 2, · · ·. c:' and /C are determined by
) (7 ·4b) and are monotonically increasing functions of P as will be shown in Appendix B. 
These equations are equivalent to those which were obtained by Gaudin.
Our equations are non-linear and have infinite unknown functions. But the author believes that the numerical calculation of physical quantities can be done if we use a high-speed computer.
It is possible to calculate the excitation spectra from the thermodynamically equilibrium state as Yang and Yang 7 > did for one-dimensional bosons. In Ref. 6 ) the author discussed the analytic properties of the energy at zero temperature. But if one uses our integral equations it is possible to investigate the analytic properties of thermodynamic quantities at finite temperature.
Our theory is based on the three conjectures of § 3. So it is necessary to prove these conjectures strictly.
We have obtained the integral equations for two-component bosons, namely, the case of a wave function which transforms as an irreducible representation of SN with two rows. The integral equations for the ground state energy was derived by Yang.
)
We put a chemical potential for first-kind of bosons as A+ fJ.oH and one for second-kind of bosons as A-f-L 0 H. In the case of repulsive interactions ( 4 ·lOa), ( 4 ·lOb) and ( 4 ·lla) are replaced by
So we consider a senes of functions {s 1 <n)} and {tc<n)}:
We prove the following lemma by mathematical induction. Lemma 1.
c) e 1 <n> and te<n> are monotonically increasing functions (MIF) of k
•
[Proof] It is clear from (A4) and (A5) that a) and c) are valid for n = 1. From From a) and b) we see that the limit s 1 = limn__,cos/n> and IC = limn__,cote<n> exist. These two functions e 1 and te are solutions of (5·8a) and (5·8b) and MIF's of k2.
Appendix B
The Equations (7 · 4a) and (7 · 4b) It 1s clear that these two functions satisfy (7 · 4a) and (7 · 4b) are MIF's of P.
